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1    Introduction
The  purpose  of  this  paper  is  to  present  a  simple  method  for  generating  rational 
triangles. These are triangles with rational side lengths and rational area. We do this in 
Section 5, wherein we generate a certain family of such triangles. In Section 2, we 
present some well known triangle formulas involving a triangle's side lengths, heights, 
area, the Law of Sines, and the Law of Cosines. Also two formulas for R  and r , the 
radius  of  a  triangle's  circumscribed  circle  and  the  radius  of  its  inscribed  circle 
respectively. We offer a short derivation of these two formulas in Section 7. In Section 
3, we state the well known parametric formulas for Pythagorean triples, as well as a 
table featuring a few Pythagorean triples. In Section 4 we state two definitions; that of a 
rational triangle and the definition of a Pythagorean rational. And in Section 6, we offer 
two closing remarks.
2    Triangle Formulas
For a triangle ABG, let , ,B A Ba b g= G = G = G , be its three side lengths; , ,h h ha b g  
the three heights (corresponding to the perpendiculars from the vertex A  to the side 
BG, from B  to AG, and from G to AB  respectively); E  the triangle's area. Also let 
R  be  the  radius  of  the  triangle’s  circumscribed  circle,  and  r  the  radius  of  the 
triangle’s inscribed circle. The following four sets of formulas are very well known to 
a wide mathematical audience.
                            
(1)1 1 1. . . . . .
2 2 2
E h h ha b ga b g= = =
(2)
1 1 1sin sin sin
2 2 2
E A Bbg ag ab= = = G
(3)
2
A notational remark here: We have used the single Greek letters , ,A B G to denote the 
triangle AB sG  internal angles (in other words A for instance, stands for the angle ·BAG
;  or similarly for the angle  · ABG .   Of course, the same single capital letters also 
denote the triangles vertices. 
The next two formulas are not as well known to a wide mathematical audience as
the first four.
We  present  a  short  derivation  for 
these two formulas in Section 7.
3    Pythagorean Triples
A Pythagorean triple (a, b, c) of positive integers a, b, c; is one which satisfies    
           a2 + b2 = c2. In effect, the integers a and b are the leg lengths of a right triangle; 
Law of sines: 2
sin sin sin
R
A B
a b g= = =
G
(4)
2 2 2 2 2 2 2 2 2
Law of cosines: cos = ,co = ,cos =
2 2 2
A Bb g a a g b a b g
bg ag ab
+ - + - + -G
4
R
E
abg=
(5)
(6)
2Er
a b g
=
+ +
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while  c  is  its  hypotenuse  length.  Such  a  right  triangle  is  widely  known  as  a 
Pythagorean triangle. If (a, b, c) is a Pythagorean triple, then
2 2 2 2( ), .(2 ), .( )a m n b mn c m nd d d= - = = + ,  for  some  positive 
integers , ,m nd  such that m > n, (m,n) = 1(i.e., m and n are relatively 
prime, and  1(mod 2)m n+ º  (that is,  m and  n  have different parities; 
one  is  odd,  the other  even).  (Alternatively,  of  course,  we can have 
(2 )a mnd= , and 2 2( )b m nd= - , instead).
Conversely, any triple (a, b, c) which satisfies (7) must be a Pythagorean 
triple, as a straightforward calculation shows. In effect, formulas (7) describe 
the entire family of Pythagorean triples.
When 1d= the resulting Pythagorean triple is called primitive.
This material can be found in almost any number theory text. For example, re-
fer to [1] for such a text. L.E. Dicksons monumental book (see [2]) has a wealth 
of historical information on the subject. Below, we present a listing of the first six 
primitive Pythagorean triples: those obtained from formulas (7) with  1d=  and 
under the constraint 5m £ .
d m n a b c
1 2 1 3 4 5
1 3 2 5 12 13
1 4 1 15 8 17
1 4 3 7 24 25
1 5 2 21 20 29
1 5 4 9 40 41
Table 1
(7)
4
4 Two Definitions
Definition 1:  A rational number  r  is called a  Pythagorean rational,  if  
ar
b
= , 
where  a  and  b  are relatively prime positive integers such that  a2 +  b2 = c2, for 
some positive integer c.
Remark 1:  If  r  is  a  Pythagorean  rational,  then  obviously,  so  is  the  rational 
number 
1
r
; since a2 + b2 = c2 = b2 + a2.
Remark 2:  Note that the positive integers  a and  b in Definition 1, are the leg 
lengths of a primitive Pythagorean triangle whose hypotenuse length is c; (a, b, c) 
is a primitive Pythagorean triple.
Definition 2; A triangle ABG with side lengths , ,a b gand area E, is said to be a 
rational triangle, if all four , ,a b gand E, are rational numbers.
Remark 3:  It is easy to come up with a triangle whose side lengths are rational 
numbers.  Indeed, all one has to do is pick three positive rationals  , ,a b g , that 
satisfy  the  three  triangle  inequalities  ,a b g b g a+ > + > , and  a g b+ > .  To 
ensure that the triangle is non-isosceles, the three rationals must be distinct. And 
if we want it to be non-right, we must ensure that 2 2 2a b g+ ¹ , 2 2 2a g b+ ¹ , and
2 2 2a b g¹ +  .  On the  other  hand, to find by trial  and error,  a non-right  non-
isosceles rational triangle is significantly  more difficult. One would have to find 
positive rationals, which in addition to the above conditions, must be such that the 
product  ( )( )( )( )a b g a b g a b g a b g+ + - + + - + + -  is  the square of a rational 
number. This is because the area E satisfies the formula,
5
1 . ( )( )( )( )
4
E a b g a b g a b g a b g= + + - + + - + + - ,
well-known in the literature as Herons formula.
Observations
By inspection of formuals (1) - (6) the following is evident.
1.  If  , ,a b gare rational,  then the three  cosine values  cos ,cos ,cosA B G,  are 
always rational, regardless of whether the triangle ABG is rational.
2. If  ABG is a rational triangle, then the three heights, the three sine values, 
and the radii R and r  are also rational.
3.  If  ABG is  not  a  rational  triangle,  then  E  is  an  irrational  number,  and 
consequently  the three sine values, the three heights, and the two radii are all 
irrational numbers.
Remark 4:  Note that a Pythagorean rational as defined in Definition 1, is 
always a proper rational;  that is, it cannot be an integer. This can be easily 
seen from the conditions and formulas in (7). On the other hand, the notion 
of a Pythagorean number, is often found in the literature of number theory.
A Pythagorean  number  is  a  number  which  is  equal  to  the  area  of  a 
Pythagorean  triangle.  Thus,  by  (7),  it  is  always  an  integer  equal  to 
2 2 2. .( )mn m nd -  a Pythagorean number is never a proper rational.
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5 A Family of Rational Triangles
Figure 1
Let  11
1
ar
b
=  and  22
2
ar
b
=  be  two  Pythagorean  rationals,  which  means  that 
2 2 2
1 1 1a b c+ = ,  and 2 2 22 2 2a b c+ =  for some positive integer 1c  and c2.
In the x- y plane, consider two rays emanating from the origin O(0,0). One ray 
lies in the first quadrant and has slope 11
1
am
b
= , the other ray lies in the fourth 
quadrant  and  has  slope  22
2
am
b
=- .  Also  consider  the  points  1 1(1, )A m  and 
2 2(1, )A m on the first and second rays respectively; T(l, 0) on the positive o>axis.
The triangle 1 2AOA  is a rational triangle. We put,
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1j = degree measure of acute angle · 1AOT ;  0< 1j  < 90
2j = degree measure of acute angle · 2A OT ;  0 < 2j  < 90
1 2j j j= + = degree measure of angle · 1 2AOA ; 0 < j  < 180
 1w = degree measure of acute angle · 1 2AOA ;  0 < 1w  < 90
2w = degree measure of acute angle · 2 1A OA ;  0 < 2w  < 90
Also for side lengths: 1 2 1 2, ,OA OA A Aa b g= = = .
      Heights: , ,h h ha b g .
Straightforward calculations yield the following results.
Side lengths
Area
Heights
2 21 2 1 2 2 1
1 2 1 2
1 2 1 2
1 , 1 ,c c a b a bm m m m
b b b b
a b g += + = = + = = - =
2 1 2 2 1
1 2
1 2
1Area .1.( )
2 2
a b a bE m m
b b
+= - =
 (8)
(9)
(10)
1 2 2 1 1 2 2 1
1 2 2 1
2 2, , 1a b a b a b a bE Eh h h
c b c ba b ga b
+ += = = = =
8
Cosine and Sine Values
 and R r
(To obtain these we use (5) and (6), combined with (8) and (9))
1 2 1 2 2 1
1 2 1 2 1 2 1 2 2 1
2( ),
2
c c a b a bR
b b c b b c a b a b
r += =
+ + +
 (11)
1 1 2 2
1 1 2 2
1 1 2 2
1 2 1 2
1 2 1 2 1 2
1 2
1 2 2 1
1 2 1 2 2 1
1 2
1 1 2 2
1 1 2 2
1 1 2 2
cos ,sin , cos ,sin
cos cos( ) cos cos sin sin
sin sin( ) sin cos sin cos
cos ,sin ,cos ,sin
b a b a
c c c c
b b a a
c c
a b a b
c c
a b a b
c c c c
j j j j
j j j j j j j
j j j j j j j
w w w w
= = = =
-= + = - =
+= + = + =
= = = =
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Observations
4. One can easily see from Figure 1, that the triangle 1 2OA A  will be a non-
right one, if and only if 1 2 2 1a a b b¹ . Equivalently, the same triangle will 
be  a  right  triangle,  precisely  when  1 2 2 1a a b b= .  This  couched  with  the 
coprimeness  conditions  1 1 2 2( ) 1 ( , )a b a b= = , and a bit of number theory, 
easily implies  that  1 2a b=  and 1 2b a= .  In other words,  1 2OA A  will be a 
right triangle, exactly when the two Pythagorean rationals are reciprocals of 
each other (and so, 1 2 1m m =- ).
5. Also easily, by inspection from Figure 1, one sees that the triangle 1 2A OA  
will  be  non-isosceles  if  and  only  if,  1 2 2 1a b a b¹ .  Equivalently,  it  will  be 
isosceles  precisely  when  1 2 2 1a b a b=  which  when  combined  with  the 
coprimeness  conditions,  it  easily  implies  1 2a a= and  1 2b b= ;  the  two 
Pythagorean rationals 1r and r2 are equal in this case.
If two distinct Pythagorean rationals are given, say r  and s; then eight different 
triangles 1 2A Ao can be formed as follows:
      Triangle 1: By taking 1m r=  and 2m s=-  
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     Triangle 2: By taking 1m  = r and 2
1m
s
=-
     Triangle 3: By taking 1m  = s and 2m r=-
     Triangle 4: By taking 1m  = s and 2
1m
r
=-
     Triangle 5: By taking 1
1m
r
=  and 2m s=-
      Triangle 6: By taking 1
1m
r
=  and 2
1m
s
=-  
      Triangle 7: By taking 1
1m
s
=   and 2m r=-
      Triangle 8: By taking 1
1m
s
=   and 2
1m
r
=-  
       
         However, Triangle 3 is simply the perpendicular reflection of Triangle 1 
through the  x-axis,  as  it  is  evident  from Figure 1.  Thus,  Triangles  1  and 3 are 
congruent.  Likewise  Triangles  2  and  7  are  congruent.  Triangles  4  and  5,  and 
Triangles 6 and 8 are also congruent. In summary, the group of eight triangles, can 
be divided into four sets, each set containing a pair of congruent triangles, because 
of reflection through the x-axis. Now, let us take a look at Table 1, which contains 
six rows of numbers. If we fix two of the six rows; we construct eight triangles 
1 2A Ao  as the above analysis shows. In how many ways can we choose two rows 
from the given six? Every combinatorics student knows that the answer to this is 
given by the binomial coefficient,
6 6! 5.6 15
2 2!4! 2
æö= = =ç ÷
è ø
.
Thus, by implementing the above method, we see that there are 120 such triangles 
that arise from Table 1; sixty pairs of triangles; each pair containing two congruent 
11
triangles.
6    A Closing Remark
A glance at formulas (7) with 1d=  shows that,
2 2
1 2( ),   
2
a m n b mn
b n m a m n
= - =
-
Thus, if we take n = 1 (and m even), it is obvious that the Pythagorean rationals 
a
b
 can 
be arbitrarily large; while 
b
a
 arbitrarily small. Therefore in Figure 1, either 1m  or m2 
can be arbitrarily large or small; and so the degree measure j  of the angle 1 2A OA  can 
be arbitrarily close to 180 or to 0.
7    A Derivation of Formulas (5) and (6)
The derivation of (5) is very short indeed. From (2) and (3) we obtain
1 1. sin ;    .
2 2 4
E A E R
R E
a abgbg bg= = Û =
2
The derivation of (6) is also very short, if we just take a look at Figure 2. We have
                  
( ) ( ) ( ) ( )Area     Area   Area  Area ;
1 1 1. . . . . . ;
2 2 2
1 2. ( );  
2
AB E AIB BI IA
E
EE
r g r a r b
r g a b r
a b g
G = = + G + G
= + +
= + + =
+ +
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Figure 2
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